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2023 TOKYO JAPAN

Solution / marking scheme - Characterizing Soil Colloids (10
points)

General rules
e In the following, “coefficients” refer to the numerical factors and do not include parameters.

Part A. Analysis of motions of colloidal particles (1.6 points)

A.1 (total 0.8 pt)

(0.4 pt)
IO
UO = M
partial points
[ (0.2 pt) Muv, =1, (A.l.l)j
(0.4 pt)
M
T=—
Y
e 0.4ptif the answers are v, = M /y and 7 =1,/ M.

partial points

[ (0.2 pt) Moo= —vyv(t)

(A.1.2)]

A.2 (total 0.8 pt)
(0.6 pt)
I,
o(t) = Z Mle*“*fﬁ/f

o 0.4pt if Zze~(%)/7 is written. The subscript can be any dummy variable used in the
summation symbol.

e 0.2ptif sum is taken (if ¥ is written).
e the range of sum is not considered here (even if it is wrong).
e 7 = M/~ can be substituted.

(0.2 pt)

the inequality specifying the range of ¢, that needs to be considered:
0<t, <t

e < can be < (full mark is given).
e 0.2pt (full mark) is given to ¢, < ¢ (without 0 <)
e No point is given to ¢; > 0 solely.
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Part B. Effective equation of motion (1.8 points)

B.1 (total 1.0 pt)

(0.5 pt) Usable letters: C,4,t
(Az(t))y =0

(0.5 pt) Usable letters: C, 6,
(Az(t)?) = Cot

N

r partial points ~
N
(0.3pt) Az(t) = Zvnd (B.1.1)
n=1
e 0.2ptif § is missing.
N
(02pt) (Axz(t)?) =) C6? = NC§* = Cot (B.1.2)
n=1
e 0.2pt only if Cdt is written. 0.1pt if only 271:[:1 C62 or NC§? is written.
_J

B.2 (total 0.8 pt)
(0.4 pt)

a=-—1
(0.4 pt)

p=1
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Part C. Electrophoresis (2.7 points)

C.1 (total 0.5 pt)
(0.5 pt) Usable letters: v,d, n(z,), 9% (z)
1 1dn
N, (zg) = 5”(%)” T ddr
0.3pt if § or A or both are multiplied unnecessarily (subtraction of 0.2pt)

(%)”25

0.4pt if either coefficient (or both) is wrong (subtraction of 0.1pt)

0.4pt if the sign of the second term is wrong (subtraction of 0.1pt)

e If more than one of the above mistakes are made, points to subtract accumulate.

e partial points ~

0 n(@)

(0.3 pt) N+(a:0):/ 2ol

Tq—v0

dx or N, (zy) = gn(xo —vd0/2) (C.1.1)

0.2pt if § or A or both are multiplied unnecessarily (subtraction of 0.1pt)

0.2pt if any coefficient is wrong (subtraction of 0.1pt)

0.2pt if the integration range is fxﬁvé (subtraction of 0.1pt)
.L‘O

0.2ptif N, (zy) = §n(xy +vd/2) (subtraction of 0.1pt)

If more than one of the above mistakes are made, points to subtract accumulate.

N J

C.2 (total 0.7 pt)

(0.4 pt) Usable letters: C,8,n(xzg), %2 (x,)
1dn

e 0.3pt if the sign or the coefficient is wrong (but pay attention to carryover from C.1).

partial points

(0.1pt) N_(zy) = %n(xo)v + i%(:ﬂo)v% (C.2.1)

(0.1 pt) Usable letters: C,§

1
D=-C6
5C

(0.2 pt) Usable letters: D,t
(Az(t)?) = 2Dt
e No point if the answer includes C or §.
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C.3 (total 0.5 pt)

(0.5 pt) Usable letters: n(z),T,Q, F, k

dn _ n(x)
@~k P

partial points
[ (0.3 pt) II(x)A+ n(z)AAzQE =1l(z + Az)A

(c.3.1)j

C.4 (total 0.5 pt)
(0.3 pt)

(v(2))

e 7 = M /v can be substituted.

_ Q7E 767t/‘r
= (1 )

partial points

(0.3pt) M T —y{v(t)) + QF (C4.1)
(0.2 pt)
QF
u= 2=
Y
C.5 (total 0.5 pt)
(0.5 pt) Usable letters: k,~v,T
p— kL
5
e partial points ~
DQFE
(0.2 pt) Jp(x) :_k;iT (x) (C.5.1)
(02pt) Jg(z) = Q—fn(as) (C.5.2)
NS J
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Part D. Mean square displacement (2.4 points)

D.1 (total 1.0 pt)

( 1.0 pt)
N, =5.6 x 10% mol!
e No reduction if the unit is missing.
e 0.8ptif the second digit is wrong but the value is in the range 5.5-5.7 x 10%3.

s partial points ~
RTAt
2y _
(0.5 pt) (Az?) = SranN (D.1.1)
e 0.3pt if both the answer of C.2 ((Az?) = 2DAt) and that of C.5 (D = ’%T) are given in the

worksheet for D.1. The combination of them ((Az?) = 2#L8%) is also acceptable. k = R/N, and
~ = 6man can be substituted here.

e No reduction if ¢ is used for At.
(0.3 pt) (Az?) = 6.34 um? (D.1.2)

¢ No reduction if the value is in the range 6.2-6.4 m?.

e 0.2pt if the value is in the range 4-9 um? or if the standard deviation of Az is in the range
2-3 pm.

e Subtract 0.1pt if the unit is missing or wrong.

N J
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D.2 (total 0.8 pt)
(0.2 pt) Usable letters: u, D, t
(Az?) = (ut)? + 2Dt

(0.2 pt)

(Az?) o t  for small ¢
t2  for large t

e (O.1ptindependently for each answer.

(0.2 pt)
2D
LT

(0.2 pt)

log(Az(t)?)

logt

t (log t:)
multiple curves that look like the answered graph)

logt,).

Points are given according to the criteria given below.

e 0.1pt if the graph is monotonically increasing and convex (no points if there are

e 0O.1ptif¢, is written between the two power-law regions (the label can be either ¢, or

D.3 (total 0.6 pt)

(0.6 pt)
2Dt for small ¢
(Az?) = < u2t?  for intermediate t
(udd)t for large t
e 0.2pt independently for each answer.

e Wrong answer in B.1 is not considered.
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Part E. Water purification (1.5 points)

E.1 (total 1.5 pt)

(1.5 pt)

8B2e3(kT)5
T eAN A2
e 1.3pt if only the coefficient is wrong (e is a part of the coefficient) (then no further
partial point is given)

- partial points
(0.5pt) minU’(d) =0 (E.1.1)

e No point for U’(d) = 0 solely (without indicating what d to consider) or U’(a) = 0.

e 0.2pt if the graph of the potential with an energy barrier (the graph first increases
monotonically, then decreases monotonically) is drawn (this is the potential for ¢ < ¢,)

e independently, 0.2pt if the graph of the potential without an energy barrier (the graph
increases monotonically) is drawn (this is the potential for ¢ > ¢,)

A Be(kT)?
(02pt) U'(d) = v %e*d/)‘ =0 (E.1.2)
24  Be(kT)?

(0.2 pt) U”(d) = e U =0 (E.1.3)

TE TN

e 0.2pt (out of the 0.4pt right above) if both U’(d) = 0 and U”(d) = 0 are written as simultaneous
equations, without their correct explicit forms.

(E.1.4)

e2Aq?

0.3pt) A= BT

(E.1.5)
e 1.4ptis given in total if (E.1.5) is written.
e 1.2ptif only the coefficient is wrong (e is a part of the coefficient)

N
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E.1 (cont.)

Another solution: it is also physically reasonable to consider maxU(d) = 0 instead of (E.1.1), though
this does not meet the requirements given in the question. Therefore, partial points may be given
as follows if the question is answered along this line.

e partial points ~
(0.5 pt) maxU(d) =0 (E.1.6)

e No point for U(d) = 0 solely (without indicating what d to consider) or U(a) = 0.

e 0.2ptifthe graph of the potential with an energy barrier that is higher than U = 0 or U(d — o0)
is drawn (this is the potential for ¢ < ¢,)

e independently, 0.2pt if the graph of the potential with an energy barrier that is lower than
U =0orU(d — oo) is drawn (this is the potential for ¢ > ¢,)

A Be(kT)?
U(d)=—d+<q2 V- g (E.1.7)
, A Be(kT)? _
(02pt) U'(d) = = - ;QA)e 4 — (E.1.8)

No point for (E.1.7)

0.2ptif both U(d) = 0 are U’(d) = 0 are written as simultaneous equations

L eAq?

1.2pt is given in total if (E.1.9) is written.

1.0pt if only the coefficient is wrong (e is a part of the coefficient)

_ B?é(kT)°

0.1 pt = ——"
(0-1pt) e 2e2N 4 A%¢5

(E.1.10)

1.3pt is given in total if (E.1.10) is written.

e 1.1pt if only the coefficient is wrong (e is a part of the coefficient)

N J
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Solution / marking scheme — Neutron Stars (10 points)

General rules
e In the following, “coefficients” refer to the numerical factors and do not include parameters.

Part A. Mass and stability of nuclei (2.5 points)

A.1 (total 0.9 pt)

(0.9 pt)

A =150
e No reduction if A = 5.0 x 10%.
e 0.8 ptif the value is in the range 49.5—50.4.

- partial points ~
B
(02pt) = =ay —agA1*— %AQ/?’ (A.1.1)
e No reduction if the difference from (A.1.1) is only the overall coefficient. This rule is applied
throughout.
d(B/A)
1 = 1.
(0.1 pt) TA 0 (A.1.2)
s 4-a/3 _ 4C 4-1/3 _
(0.2 pt) ?A — FA =0 (A.1.3)
e Points for (A.1.2) are given if (A.1.3) is stated although (A.1.2) is not explicitly written.
2(18
(02pt) A=—2= (A.1.4)
ac
e (0.7ptis given if the correct expression for A appears even if the intermediate steps are not
fully written.
NS J
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A.2 (total 0.9 pt)

(0.9 pt)
Z*="79
e No reduction if Z* = 78.
e 0.8 ptifthe value is in the range 77.5—79.4.

e partial points ~
z* 2z — A
1 A
dpt) = —epe——— - — A2.2
(0.4 pt) T (A.2.2)
asym
e No reduction if a. /4ag, is replaced by the numerical value in the range 0.007—0.008.

N j

A.3 (total 0.7 pt)

(0.7 pt)

Chigsion = 0.70
e No reduction if Cfg,, = 0.7

e partial points ~
2/3 2 2
A Z Z /2
(0.3 pt) ag [A2/3 —2<2> } +aC[A1/3 —2((/1//2)3/3 >0 (A.3.1)

e No point if ay, is not canceled.

72 231 ay
. —_ > = A.3.2

e Points for (A.3.1) are given if (A.3.2) is stated although (A.3.1) is not explicitly written.
e The coefficient may have different expressions, e.g., with z = 2%/3,
2

r—1 T T

_ _ — = 0.702414...
1—22 142 1421 070
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Part B. Neutron star as a gigantic nucleus (1.5 points)

B.1 (total 1.5 pt)

(0.8 pt)
Qgray = 6 X 10737 MeV

e No reduction if the unit is not written.
e 0.7ptif only the order of magnitude is correct.

s partial points ~
2
(0.4 Pt) gy = gG]’:N (B.1.1)
0
A 2
(0.2pt) a,,. = >hemy (B.1.2)

= 5 Ry M

e Points for (B.1.1) are given if (B.1.2) is stated although (B.1.1) is not explicitly written.

e No reduction if & is mistyped.
N J
(0.7 pt)

A, =4x10%
e No reduction for A, =5 x 10°°.

e 0.6 ptif only the order of magnitude is correct.

e partial points ~

(02pt) ayA—ag, A+ a,,, A3 >0 (B.1.3)

sym grav

B 3/2
(03pt) A, = (“V“V) (B.1.4)

a grav

e Points for (B.1.3) are given if (B.1.4) is stated although (B.1.3) is not explicitly written.
N J
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Part C. Neutron star in a binary system (6.0 points)

C.1 (total 1.0 pt)

A¢

(1.0 pt)
ATH = (1 — 62>ATI

e No points if the coefficient is wrong.

partial points

(0.3pt) 0?2 =29Ah=2A¢ or v=+/2A¢

-

Y
(05pt) Ary— VI 2/@An or Amy— \/ﬁ Ar

N

(C.1.1)

(C.1.2)

e Points for (C.1.1) are given if (C.1.2) is stated although (C.1.1) is not explicitly written.

~

C.2 (total 1.8 pt)

(1.8 pt)

& g( d?)

e No reduction if 4 is missing in log.

At

e No reduction if |z | is written as —z .
e 0.1 ptis subtracted if the modulus in |z | is missing.

e No points if other coefficients are wrong.

partial points
dx

ceff(x>

Ax
ceff(x>

or Atgy=

T
(05pt) tey = /

N

2G My,

1 [vE
0.4pt) tpn=>~-— de| 1+ —F——s
(0.4 pt) tey C/w ( 2 %xz—kdz)

N

e 0.1 ptis subtracted if the coefficient is wrong.

g
(0.3pt) At = 2G1\ng / dz
c e

Va2 4+ d?

d2
/.2 2
. |and Ty +d

: Inside the 1 ithm: /2% 2 o
X (0.3 pt) Inside the logarithm: /a3 +d? + zx Son

2

~

VN
B 2z

(C.2.1)

(C.2.2)

(C.2.3)

(C.2.4)
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C.3 (total 1.8 pt)

(1.8 pt)

2G M,
At At = CBWD log(4/¢?)

e No reduction if log is written as In.

max

e partial points ~

(0.6 pt) Al = QG]‘fWD log(4zp/ Le?) (C.3.1)
C

No subtraction points if the factor in log is different but consistent with that in C.2.

e (0.1 ptis subtracted if the coefficient is wrong.

(0.2 pt) Because of zy > 0 the approx. in log is changed: =y + /2% +d? ~2L  (C.3.2)

(0.4 pt) Aty = QGi‘fWD In(zp/L) (C.3.3)

Points for (C.3.2) are given if (C.3.3) is stated although (C.3.2) is not explicitly written.

e (0.1 ptis subtracted if the coefficient is wrong.

(0.3 pt) Points are given if L and x5 dependence is canceled in log. (C.3.4)

N J

C.4 (total 0.8 pt)

(0.8 pt)

Myp/Mg = 0.5
e No reduction if the value is in the range 0.4—0.5.

e partial points ~N
(0.2 pt) &2 ~2x (1—0.99989) = 0.00022 (C.4.1)
(0.2 pt) From the given graph, At .. — Atpin & 50 ps (C4.2)

e No reduction if the value from the graph is in the range 40—50 us.

(0.2 pt)  Myp/M, =~ 5/1In(4/e?) (C.4.3)

e No reduction if the numerator is in the range 4—5.

N J
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C.5 (total 0.4 pt)
(0.4 pt)

3
=—= — 1.
P 5 or 5

e No points if the sign is wrong.

partial points

(0.3 pt) R3w? = (const.)

(C.5.1)

C.6 (total 0.2 pt)

(0.2 pt)
The most appropriate profile is (b).




Solution / marking scheme

19h I 3 ‘I
\\\\\\\\\\\\\\\\\\\\\\\\\\\\ —
2023 TOKYO JAPAN

Solution / marking scheme — Water and Objects (10 pt)

General rules
e In the following, “coefficients” refer to the numerical factors and do not include parameters.

Part A. Merger of water drops (2.0 pt)

A.1 (total 2.0 pt)

(2.0 pt)
v=0.23m/s
e No deduction if the answer falls within the range 0.22 m/s <v < 0.24 m/s
s partial points ~
The surface energy per drop before the merger:
(0.4 pt) E =4ma’y (A1.1)
The surface energy difference:
(0.6 pt) AE =4m(2—2%3)ay (A.1.2)
The transfer of surface energy to kinetic energy :
(0.4 pt) Mv?/2 = kAE (A.1.3)
where M = 4rap/3 x 2 = 8ma3p/3 is the mass of the drop after the merger.
e No partial point will be given if the factor & is missing.
Numerical evaluation:
2kAE ky 0.06 x (7.27 x 10-2)
=4/ == =,/3(2—22/3) L =,/3(2—22/3 =02
SN \/< ) \/( ) X 00 x 10 x (100 x 108y = -2 /s
N J
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Part B. A vertically placed board (4.5 pt)

B.1 (total 0.6 pt)
Usable letters: p, g, z, Py

(0.6 pt)
P =P, —pgz
e No point will be given for P = P, + pgz

Commentary
[The expression, P = P, — pgz, holds for both z < 0 and z > 0, as long as z is inside the water. j

B.2 (total 0.8 pt)
Usable letters: p, g, 2;, 29

(0.8 pt)
1
fo=5p9(25 = 21)
e Give 0.6 pt for f, = pg (23 — 2?)

1
e Give 0.4 ptfor f, = P9 (23 —23)

Commentary

Because the atmospheric pressure P, exerts no net horizontal force on the water block, we have

Zl 1
ﬁ:/‘FM@W:§M@?ﬁﬂ

2

B.3 (total 0.8 pt)
Usable letters: ~,6,, 6,
(0.8 pt)
fr, =ycosf, —ycosb,
e Give 0.6 pt for f, =~y cosf, —ycosb,
e Give 0.4 pt for f, = ycosf, +ycos#, or f, = —vycosb, —ycosb,.
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B.4 (total 0.8 pt)

(0.4 pt)
a=2
e No point will be given for a # 2.

Usable letters: v, p

(0.4 pt)

e If an unnecessary coefficient is included as a factor, 0.2 pt will be deducted.

B.5 (total 1.5 pt)
Usable letters: tan 6, ¢
(1.5 pt)

z(x) = —Ltanfye”
e Deduct 0.2 pt for z (z) = —¢sinfye /" or z (z) = —Lh e~ /"

z/e

e partial points ~
7z =tan6 leads to
1
1 N2
(0.1 pt) cosf=~1— 5(2 ) (B.5.2)

Plug this into Eq.(1) to obtain,

2

(0.2 pt) Z—Q — 2’2 = const. (B.5.3)

Take the derivative of both sides with respectto z :

(0.5pt) 2" = g% (B.5.4)

which is the differential equation which determines the water surface form.
General solution:

(0.2 pt) z= Ae®/* + Be /" (B.5.5)
The boundary condition, z(c0) = 0, leads to
(0.1pt) A=0 (B.5.6)

The boundary condition, 2z’(0) = tan§,, leads to

(0.2pt) B=—{tané, (B.5.7)
N J
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Part C. Interaction between two rods (3.5 pt)

C.1 (total 1.0 pt)
Usable letters: 0,, 0y, 24, 2, P, 9, 7Y

(1.0 pt)
1
F, = 5pg (s = 22) + 7 (cos 6, — cosb,)
. 1
e Give 0.8 pt for F, = 39 (22 — 22) + v (cos @, — cosby)
. 1 1
e Give 0.6 ptfor F, = —pg (22 — 22) + ycosfy +ycosb, or F, = —pg (22 — 22) —ycosf, —
x 2/’9 b a 2 1 x 9 b a 2
v CoS 6.
e partial points ~
The holizontal component of the force due to the pressure is
. 1 2 .2
(0.6 pt) / (pgz)dz = 3P9 (27 — 22) (C.1.1)
Za
NS J
- Commentary ~

Comment 1: How to apply the experience in B.1 is as follows. Let 2., the z-coordinate at the
bottom of the rod, then from the discussion in B1, we see

Za Zp Zp
F, = / (—pgz)dz + ( / (pgz}dZ) = / (pgz)dz
Zpottom Zpottom Za

Comment 2: The fact that the contribution due to the pressure does not depend on the shape
of the cross-section can be demonstrated as follows. The pressure at the point s on the contour
C along the cross-sectional boundary is

—Pnds = (—Py+pg)nds.

Let Z the unit vector pointing the positive z-direction and noting z - nds = dz (see the figure
shown below), the holizontal component becoms and its holizontal component becomes

—Pn - &ds = —Pydz+pgdz.

Integrating along the contour C, we obtain

N —

i(Pﬁ -Zds) = [b (pgz)dz = Spg (2 — 23)

a

dS dZ<0

~"Zbottom
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C.2 (total 1.5 pt)
Unusable letters: 6,0, z,, 2,

(1.5 pt)
1
F, = —5p9%
e Give 1.3 ptfor F, = —pgz?.

1
e Give 0.8 pt for F, = §pgz3.

-

partial points ~
Apply the boundary conditions to Eq. (1) to obtain
1 1,
(0.6 pt) 5pgzi + 708, = Spgzg +7 (C.2.1)
T=x, x=0
e Give 0.4 pt for pgz2 + ycosl, = pgz¢ +
1
(0.6 pt) ipgzg +ycost, = ~ (C.2.2)
—_— a:—Too
T=xy,
e Give 0.4 pt for pgz? + v cos b, = pgz2
E, is obtained by subtracting (C2.1) from (C2.2).
J
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C.3 (total 1.0 pt)
Usable letters: z,, 2,

(1.0 pt)
_ 2z,
%0 = eza/l + 6—ma/é

V4
Correct alternative answer: z, = ——>—— = z sech(z, /¢
¢ 0~ Cosh(z, /) (z./6)

s partial points

General solution: z(x) = Ae®/¢ + Be /¢
Taking into account the left-right symmetry, we obtain,

(0.3pt) A=B

Boundary condition, z(0) = z, leads to
(0.3pt) A+ B=z

Find the coefficients:

(0.2pt) A=z/2

(0.2 pt) B=z,/2

N

(C.3.1)

(C.3.2)

(C.3.3)

(C.3.4)
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